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ABSTRACT 
It was shown by R. E. Hartwig and M. S. Putcha and independently by P Y. Wu that the 
complex square matrix T is a sum of finitely many idempotent matrices if and only if tr T is 
an integer and tr T 2 rank T. We determine the minimal number of required idempotents 
for such matrices in terms of their traces and sizes, and we completely solve the problem 
for matrices T with size 2,3,4, or 5, also, we give some sufficient/necessary conditions for 
a complex matrix T to be the sum of three or more idempotents. 
1. INTRODUCTION 
A complex matrix T is idempotent if T2 = T. Recently, R. E. Hartwig and 
M. S. Putcha [3] and, independently, P. Y. Wu [5] characterized matrices which 
can be expressed as a sum of finitely many idempotent matrices. In addition, Wu 
also found the minimal number of idempotents needed in such expressions for 
some cases. In this paper, we continue the investigation of the minimal number of 
required idempotents for such matrices and will provide a solution to this problem. 
Before we can give a more precise description, we need some notation. In the 
following, tr T denotes the trace of matrix T, ran T denotes its range, rank T the 
dimension of ran T, ker T the kernel of T, and dim ker T the dimension of ker T. 
Also, I,, denotes the n x n identity matrix and 0, the n x n zero matrix. 
Now, we are ready to go on. It was shown in [3] and [5] that a complex 
square matrix T is a sum of finitely many idempotent matrices if and only if tr T 
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is an integer and tr T 2 rank T. Moreover, in this case, if T # 0, then tr T many 
idempotents are enough to sum to T. Then it was asked in [5] whether tr T is the 
minimal such number, and a partial answer was provided [5, Theorem 41: For any 
integers n and r satisfying n 2 r > 1, there exists an n x n matrix T (respectively, 
S), with tr T = rank T = r(tr S = r + 1 and ranks = r) which is not a sum 
of less than r(r + 1) many idempotents. Also, Wu [5, Proposition 51 solves the 
problem for trT 5 4. In this paper, we continue to tackle this length problem 
(for the definition of Zength, see [4, p. 361). We are able to give a new proof of 
[5, Theorem 41 (see Corollary 2.2) and obtain an answer to the problem in terms 
of the trace and the size of T (Theorem 2.9). Moreover, for matrices with size 2, 
3, 4, or 5, we provide a complete solution to this problem (Theorems 2.9, 3.14, 
and 3.15). Also, in Section 3 we give some sufficient/necessary conditions for a 
complex matrix T to be the sum of three or more idempotents. 
2. GENERAL CASE 
Our main result of this section is Theorem 2.9, which is established through a 
series of lemmas. 
LEMMA 2.1. Let T be an n x n matrix. If T is a sum of m idempotents, then 
dim ker(T - XI,) I 
m-l 
-trT forany XEC, X#O,l. 
PROOF. We may assume t& m 2 2. Suppose T = CL”=, Ei, where Ef = Ei 
for each i. There is some Ei, say E,,,, such that tr E, 2 (1 /m) tr T. We have 
m-1 
t.t EEi 5 ?trT. 
i=l 
Let K = ker(T - XI,,) n ker (CL:’ Ei) and d = dimker(T - XI,). Then 
m-1 m-l 
dim K = dim ker (T - XI,) + dim kerx Ei - dim - XZ,) + kerc 
i=l i=l 
m-1 m-1 m-l 
2 d+n-rankCEi-n~d-CrankEi=d-CtrEi 
i=l i=l i=l 
m-l 
2 d-nttrT. 
Since K is invariant for E,,, and Eml,y = (T - ckA’Ei)lK = XZK, where ZK 
denotes the identity matrix on K, we have ker(E,,, - AZ,,) 2 K, which implies 
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that dim ker(E, - XI,,) 2 dim K. Since Ei = E,,,, E,,, - AZ,, is invertible for any 
X E Cc, X # 0,l. Therefore, dim ker(E, - XZ,) = 0. From the above, we infer 
that d 5 [(m - 1)/m] tr T as asserted. W 
The preceding lemma yields a much simpler proof of [5, Theorem 41. 
COROLLARY 2.2. For any integers n and r satisfying n 2 r 2 1, there exists 
an n x n matrix T (respectively, S) with tr T = rank T = r (tr S = r + 1 and 
rank S = r) which is not a sum of less than r (r + 1) idempotents. 
PROOF. To construct T, we may assume that r > 1. Let a # 0, 1, r/(r - 1) 
and T = Tl CB 0,-r, where Tt is the r x r matrix 
Trivally, tr T = rank T = r. Assume that T is a sum of r - 1 idempotents. Then, 
by Lemma 2.1, 
r-2 
r - 1 = dim ker(T - al,) 5 -r. 
r-l 
Thus r2 - 2r + 1 I ? - 2r, which is absurd. Therefore, T is not a sum of less 
than r idempotents. 
Next we construct S: Let S = (1 + l/r)Z, @ O,_,. Clearly, trS = r + 1 and 
rank S = r. Assume that S is a sum of r idempotents. Again, Lemma 2.1 implies 
that 
r=dimker(S-FZ,,) <q(r+l). 
So r2 2 1-2 - 1, which is impossible. The proof is complete. 
COROLLARY 2.3. Let T be an n x n matrix. Zf T is a sum of m (m 2 1) 
idempotents, then 
m-l 
dim ker(T - Xl,) I - m (mn-trT) foranyXEC,X#m,m-1. 
PROOF. Assume that T = CL”=, Et, where Ef = Ei for each i. Then ml, - 
T = Cz,(Z,, - EJ, which implies that ml, - T is a sum of m idempotents. By 
Lemma 2.1, we have dim ker(mZ” - T - AZ,,) 5 [(m - 1)/m] tr (ml,, - T) for any 
X E Cc, X # 0, 1. Our assertion follows immediately. W 
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Wu [5, Theorem l] showed that if T is an n x n matrix with trT an integer 
and tr T 2 rank T 2 1, then T is a sum of tr T many idempotents. It follows 
from our Corollary 2.2 that, in this case, tr T is the minimal number of required 
idempotents whenever tr T = 1,2, . . . , n. As for matrices T with tr T > n, it will 
be shown later that using tr T many idempotents to sum up to T is often redundant 
and the minimal number of required idempotents can be determined. The next 
lemma handles the case for T satisfying n + 1 I tr T < 2n. 
LEMMA 2.4. Let T be an n x n matriv with tr T an integer and n + 1 5 
tr T < 2n. Then T is a sum of n + 1 idempotents and n + 1 is sharp in the sense 
that there exists an n x n matrix T which satisjies n + 1 5 tr T < 2n and is not a 
sum of n idempotents. 
PROOF. Assume that trT = n + i, where 1 5 i < n. Since tr [T - (1i & 
O,Ai)] = n, it follows that T-(Zi @ On-i) is asum of n idempotents. So T is asumof 
n + 1 idempotents. The assertion on sharpness is a consequence of Corollary 2.2. ??
Next, we will examine the length problem for T having large trace. 
LEMMA 2.5. Let T be an n x n matrix with tr T = n(n + k) - i, where 
k=0,1,2 ,... andi= 1,2 ,... , n - 1. Then T is a sum of n + k + 1 idempotents, 
andn+k+ 1 issharp. 
PROOF. Since tr[(n + k)Z, - T + (Z,,_i ~3 Oi)] = n, it follows that (n + k)Z, - 
T + (In-i @Q) is a sum of n idempotents. Assume that (n + k)Z,, - T + (Z,_i @Oi) = 
El + E2 + . . . + E,, where EF = Ei for i = 1,2, . . . , n. Then T = kZ,, + (Z,_i @ 
Oi)+(Zn-El)+*. . + (1, - En) implies that T is a sum of n + k + 1 idempotents. 
For sharpness, let Tki = (n + k - i/n)Z,. Clearly, tr Tki = n(n + k) - i. If Tki is a 
sum of n -t k idempotents, then, by Corollary 2.3, 
n = dimkerbki- (n+ki)I,] 
< n+k-1 
- n+k [(n+k)n-trT*,]=nfi:kli<i, 
which contradicts our assumption that i < n. Hence our assertion follows. ??
LEMMA 2.6. Let T be an n x n matrix with tr T = n(n + k - l), where 
k=0,1,2 ,.... Then T is a sum of n + k idempotents, and n + k is sharp. 
PROOF. As in the proofs of Lemmas 2.4 and 2.5, (n + k)Z, - T is a sum of n 
idempotents, whence T is a sum of n + k idempotents. 
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To prove the assertion on sharpness, consider the n x n matrix 
ntk-1 1 
1 
n+k-1 
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Obviously, tr Tk = n(n+k-- 1). Assume that Tk is a sum of nfk- 1 idempotents, 
SayTk=E,+E2+. ..+&+k__t,whereEf =Eifori= 1,2,...,n+k-1. Then 
the fact that each Ei has trace less than or equal to n forces trEi = n for each i. 
Thus Ei = I,, for all i. Hence Tk = (n + k - 1)1,, which contradicts the definition 
Of Tk. W 
Next we consider the length problem for those matrices having traces of “mid- 
dle size.” 
LEMMA 2.7. Let T be un n x n matrix with trT = mn, where n 2 4 and 
m = 2,. . . , n - 2. Then T is a sum of m + 2 idempotents, and m + 2 is sharp. 
PROOF. Since tr (T - ml,) = 0, it follows that T - mZ,, is unitarily equivalent 
to a matrix A with zero diagonal (cf. [l]), and so A is the sum of a strictly 
upper triangular matrix and a strictly lower triangular one. Therefore, A and 
consequently T - ml, is the sum of two nilpotent matrices. Since every nilpotent 
matrix is a difference of two idempotents [2, Proposition 11, we have T - ml,, = 
El - E2 + E3 - Ed, where EF = Ei, i =l, 2,3,4. Hence T = (m - 2)Z,, + El + 
(I,, - E2) + E3 + (I,, - E4) is a sum of m + 2 idempotents. 
On the other hand, the matrix 
EL 
n-1 
0 
. . 1 . mn n-1 0 0 I 
has trace mn and is not a sum of m + 1 idempotents by Corollary 2.3. This 
completes the proof. ??
LEMMA 2.8. Let T be an n x n matrix with tr T an integer and mn < tr T < 
(m+l)n,wheren 2 4andm = 2,3,...,n-2. ThenTisasumofm+3 
idempotents, and m + 3 is sharp. 
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PROOF. Assume that T = Tl + T2 + Ts, where T,? = Ti for i = 1,2,3. Note 
that there exists Tiq say, Ts, such that tr Ts 5 f tr T. Let K = ker [T - (X + l)Z] n 
kerTsandm=dimker[T-(X+l)Z].Then 
dim K = dim ker [T - (X + l)Z] + dim ker Ts 
- dim{ker [T - (X + l)Z] + ker T3) 
2 m+(n-trT3)-n>m-:trT. 
Since K is invariant for T and Ts, it is invariant for TI + T2 and [T, - (I - T2)] IK = 
(T - I - T3)IK = (T - I& - T31K = XI K, where ZK is the identity matrix on K. 
Hence K G ker [Tl -(I-T2)-XZ], which implies thatdim ker [Tl -(I-T2)-XI] 2 
dim K 2 m - 3 tr T. By [2, Theorem la], we have dim ker [T, - (Z - T2) + XI] 2 
m-itrTforX#fl. 
Next, let L = ker[T - (X + l)Z] fl ker[Tr - (I - T2) + Xl]. We repeat the above 
arguments: 
dimL = dim ker[T - (X + l)Z] + dim ker[Tt - (Z - T2) + XI] 
- dim {ker [T - (X + l)Z] + ker [T, - (I - T2) + XI]} 
> m+(m-itrT)-n=2m-+trT-n. 
Since L is invariant for both T and Tl + T2, it is invariant for Ts, and T31~, = 
(T - Z)/L - [TI - (I - T~)][L = XZ, - (-AIL) = ~XZL, where Zt is the identity 
matrix on L. Thus L & ker(Ts - 2XZ), which implies that dim ker (Ts - 2XZ) 2 
dim L 2 2m - $tr T - n for X # f 1. Since Tg = T3, T3 - 2XZ is invertible for 
any X # 0, i. Therefore, dim ker (Ts - 2XZ) = 0. From the above, we infer that 
dim ker (T - XI) I i tr T + n/2 for every X # 0, 1, $, 2 as desired. ??
Recall that a(T) denotes the spectrum of T. 
LEMMA 3.2. Zf T is an n x n cyclic matrix and X1, . . . , A, are complex numbers 
satisfying ci=, Xj = tr T- 1, then there exist matrices A and B such that T = A+B, 
where A2 = A, rankA = 1, and B is cyclic with o(B) = {Xl,. . . , A,}. 
PROOF. Since T is similar to a companion matrix of the form 
0 a0 
. . 
CE 1 1. : 9 . . . 0 h-2 1 4-l I 
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we need only prove our assertion for C. For j = 0, 1, . . . , n - 2, let bj be the 
coefficient of z! in the expansion of (z - Xi). . . (z - A,). Let 
It is easily seen that C = A + B,A2 = A, and B is cyclic with characteristic 
polynomial (z - Xi). . . (z - A,) (noting that a,_~ - 1 = tr T - 1 = EYE, Xi). 
Hence a(B) = {Xl,. . . , A,}. ??
PROPOSITION 3.3. Let T be an n x n matrix. IfT = Tl @ T2 @ . . . G3 T,,,, 
where each q is cyclic with size at least 2, and tr T = n + m, then T is the sum of 
three idempotents. 
PROOF. We may assume that tr (q - Z) # 1 for any j. For if tr (c - Z) = 1, 
then, by Lemma 3.2, there exist Ajr Bj such that ?; - I = Aj + Bj, A? = Aj, and 
o(Bj) = {u, -UT 0,. * * ( 0}, u # 0. Thus Bj is similar to 
where N is nilpotent, and so Bj is the difference of two idempotents by [2, Theorem 
la], whence Tj is the sum of three idempotents. 
Now let q = tr (q -I) - 1,j = 1,. . . , m and c > c,t, I$]. By Lemma 3.2, 
there exist, for each j, matrices Aj and Bj such that Tj - I = Aj + Bj,Af = Aj, and 
o(Bj)={c-Ci=:ti,C(=lti-c,O,...,O}.IfA=Al~A2~’..~A,andB= 
B,@Bz@. ..@B,,,,thenT = A+B+Z,A* = A,andg(B) = {bl,. . . ,bzm,O,. . . ,O}, 
where the bj’s are distinct nonzero numbers which are pairwise negative to each 
other. In particular, B is similar to B’, @ Bi, where 
and Bi is nilpotent. By [2, Theorem la], B is the difference of two idempotents, 
whence T is the sum of three idempotents. ??
COROLLARY 3.4. Let T be an n x n matrix. IfT = T, @. . . @ T,,,, where each 
q is cyclic with size at least 2, and tr T = (k + 1)n + m, k > 0, then T is the sum 
of 3 + k idempotents. 
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PROOF. Since each q - kl is cyclic with size at least 2 and tr(T - kl) = n + m, 
Proposition 3.3. implies that T - kl is the sum of the three idempotents, whence 
T is the sum of 3 + k idempotents. ??
Next, using similar techniques as in the proof of Proposition 3.1, we have 
PROPOSITION 3.5. Let T be an n x n matrix. If T is the sum offour idempotens, 
then dim ker (T - AZ) 5 n/2 + p tr T for every X # 0, 1,;) 2. 
PROOF. Assume that T = Tl + T2 + T3 + T4, where Tf = Ti, i = 1,2,3,4. 
Note that there exist two of the Ti’S say, T3 and T,, such that tr (T3 = T4) 5 $ TV T 
andtrT3 5 itrT.LetK = ker(T-XZ)nker(T3+Tq)andm = dimker(T- 
Xl). Then 
dim K = dim ker (T - AZ) + dim ker (Ts + T4) 
- dim [ker (T - AZ) + ker (T3 + T4)] 
2 m+(n-$trT)-n=m-;trT. 
Since K is invariant for T and Ts + T4, it is invariant for T, + T2 and (Tl + T2)IK = 
[T - (T3 + T~)][K = T[K - (T3 + T~)[K = XZ,,Z, being the identity matrix on K. 
Hence dim ker (Tl + T2 - AZ) 2 dim K > m - i tr T. By [2, Theorem la], we 
havedimker[T,+T2+(X-2)Z]>m-$trTifX#0,2. 
Next, let L = ker (T - AZ) n ker [TI + T2 + (A - 2)Z]. We repeat the above 
arguments: 
dim L = dim ker (T - AZ) + dim ker [Tl + T2 + (A - 2)Z] 
- dim {ker (T - AZ) + ker [ Tl + T2 + (A - 2)Z]} 
2 m$m-;trT-n=2m-;trT-n if X # 0,2. 
Since L is invariant for T and Tl + T2, it is invariant for T, + T4, and (T3 + T4)IL = 
[T -(Tl +T2)lIr. = TIL-(TI +T2)j~ = (2X-2)1~, whereZL is theidentitymatrix 
onL. Hencedimker(T3+Tq+(2-2X)Z) 2 dimL 2 2m-itrT-nifX # 0,2. 
Again, [2, Theorem la] implies that dim ker [Ts + T4 +(2X -4)Z] 1 2m- $ tr T-n 
ifX#0,1,2. 
Now, let M = ker [Ts + T4 + (2X - 4)Z] n ker T3. We repeat the above 
arguments: 
dim A4 = dim ker [Ts + T4 + (2X - 4)Z] + dim ker T3 
- dim {ker [Ts + T4 + (2X - 4)Z] + ker T3} 
> (2m- ;trT-n) + (n- :trT) -n 
= 2m- ;trT-n if X # 0,1,2. 
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ThenS=A+B. Sincerank& 5 n-k = tr&,thenSkisasumofn-k 
idempotents by [5, Theorem 11. Also, each direct summand in A (and B) other 
than Sk either has trace two or is a zero matrix. Therefore, A (B) is a sum of n - k 
idempotents, and B(A) is a sum of two idempotents if k is even (odd). Hence S is 
a sum of n - k + 2 idempotents, and so is T. ??
Note that for an n x n matrix T, if tr T is slightly larger than n, then the number 
of idempotents in Lemma 3.6 is only slightly smaller than n + 1. The following 
lemma improves this situation. 
LEMMA 3.7. Let T be an n x n matrix, where n 2 4. Zftr T = n + k, where k 
is a positive integer and 2 5 k 5 n’/‘, then T is a sum of [n/k] + k idempotents. 
PROOF. As in the proof of Lemma 3.6, we may assume that 
“1 0 
81 a2 
& 
T= 
1 I> . . . 0 on-1 WI 
where C%, cq = n + k. 
Letm= [n/k]. Thenm 2 kandm 2 n-km+m 2 2. Let 
A= 5 @Ai, B= (E@Bi) @O,,_km+,+.2 [ @ (k- I)m-n+ 
c 1 
’ ai > 
i=l 
Ai = 
\i=I / L 
‘_ ajm-l 
m-1 
0 Pjm-I m-C q- i)m+i 
i=l 
a(k-l)m+l 0 
P(k-l)m+l 
i=(k- l)m+l J 
forj=1,2 ,..., k-l, 
J 
0 Pa-l n - (k - I)m - 
i=(k- l)m- 1 
forj = k 
I=! 
‘!D 3 -(Z-CZ+~.!l+<I+W)1=~x 
I --@+(I -I+ 
~as‘I--.l-d‘~~*‘z~~ =(lO+J .dw > u ‘1 am2 
wyl aurnsse hu aM ‘alo3aq sv ‘tloow 
‘x oi lvnba JO uvy ssal laiYaa]ul wwa.& a~# saiouap [x] aay~ Lsiualodwap~ 
z+ I+ w4 
i J 
24 
~ownsvs~~uua~~‘Z-uu’~~~‘Z 
= Y ‘Y + u = J 451 ‘9 7 u a-m/M ‘x.lwu4 24 x u uv aq J la? ‘8’s Vwm~ 
‘9’~ smua~ %u$lddt! 6q pauyqo auo aql umg uz 
putl u UaaMlaq .z 4 I#M .J sa3yxu u x u 103 qnsaJ Jauaq 1? sap!AoJd ‘L’S put? 9’~ 
smnua?3o asotp %!ulquroD Aq pauyqo si3oold asoqm ‘ermua~ ~U!MO~IOJ aqL 
??.pauasse se slualodmap! y +- zu 30 urns 
e s! J alo3aJau wualodurapl y 30 ums B sr 8 JE~J sagdtu! [I maloau ‘s] ‘u!tr% 
‘84 = u--!n I=! J = y > g yue~ awls ‘JanoaroJy .slualodtuap! w 30 ums E s! ‘ y 
amay pm !vyxa IVY sarlduy [I uraloau $3 ‘w 6 Yvq = zu( I- y) - u > qy yuo~ 
pue 1 - y’“’ ‘Z‘I = [lo3 $4 = u( 5 rvyuer ams ‘g + y = J uau 
‘I-Y‘“’ ‘E’Z=f “03 
[ 
O () 1. w - !+~(l-I),xJ I=. 1 @ “-“0 %l 
‘I =.r .I03[ 0 tug = 0 w_!x+~ 1 CB ‘-“0 1 
Pus 
LPI S.LNXLQdWKII d0 SPIllS 
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Let A = AI @. . . @ A, ~3 Cl @ . . . CB &-r-l @ C,,, where 
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forj= 1,2,.9. ,p - r - 1, and 
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let B = Bl CI3. *. @ B, @ DI ‘~3.. 3 $ Dp-r_l @ Dp, where 
Bj = 
/ 
Om-2 @ 
< 
Ott-3 @ 
\ 
_ m-1 
c q-(m-1) 0 
i=l m-1 
&-1 m+l- ai c 
’ j(m-1) 
i=l 
c ai - fj(m - 1) + 7.j - 2) 
i=l 
/3i(m-1) i(m 
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for j=l, 
-I 
0 
1 
j(m- 1) I for j = 2, , r, + I)- C “i i=l 
1 
1 
r(m-l)+jm 
I  c OZi - (r(m + 1) + jm + 2j - 2) 0 
Dj = Om-2 8 i=l r(m-l)+jm 
hn- l)+jm r(m + 1) + jm f 2j - C ai 
i=l 
forj= 1,2,... ,p - r - 1, and 
Then T = A + B, and we can infer, by an argument as in the proof of Lemma 3.7, 
that A is a sum of m idempotents and B is a sum of two idempotents. Therefore T 
is a sum of nt + 2 idempotents. 
Case 2. n = mp. Forj = 1,2,. . . ,p (respectively j = 2, . . . ,p), define 
Aj(Bj)asCj(Dj)incaselwithr=O.LetA=Al$*..$A,, 
BI =0,_1 d I 
m 
c Qi - PI 0 
i=l 
m 
Pm m+2- OZi 
c 
L i=l 
and B = B1 ~3 . . . ~3 BP. Then T = A + B and T is a sum of m + 2 idempotents 
as incase 1. 
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(3% 3. mp < n I m(P + 1). For j = 1,2,. . . ,p - 1, define Aj and Bj as 
incase2. LetA=Al @e..$A,,@A,+1,where 
I 
(p-l)m+l 
c a'i - @ - 1xm + 2) 0 
i=l 
Pep-l)m+l a(p- 1pn+2 
Ap = 
I 
Ap+l = 
+2-l 
pm-l 
0 PPm-I @m + 2P - 2) - C ai 
i=l 
pm+1 
c ai - p(m + 2) 0 
i=l 
flpm+l 9m+2 
. 
an-1 
n-1 
0 P”-1 n+2p- Cai 
i=l - 
I F@-@m+2p-2) 0 BP = Om_2 $ ‘=l I 1 P pm L i=l J 
and BP+1 = On-pm-1 $ [k - 2p]. Then T = A + B. Since k - 2p = 0 or 1, Bp+l 
is idempotent. Therefore, arguing as in the proof of Lemma 3.7 again, we infer 
that T is a sum of m + 2 idempotents. The proof is complete. m 
LEMMA 3.9. Let T be an n x n matrix with tr T = mn + 1 or mn + 2, where 
n>4andm=2,... , n - 2. Then T is a sum of m + 2 idempotents and m + 2 is 
sharp. 
PROOF. Case I. T = XI,,. IftrT = mn+l,thenT-(m-2)1, = 
(2 + l/n)Z,. 
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Let 
Tl = 
diag ;, 
( 
l2- :,:,2-z, 
diag $,2- 5,:,2- %, 
. . . 
. . . 
n -) ‘n if n is odd, 
n-l 
,2- - if n is even, 
n 
and 
T2 = 
2,2,2-2,4,2-fl,..., 
n-l 
-,r- - if n is odd, 
“z n2nq “4 
n 
2,-,2--,-,2-- ,..., 
n-2 
-,2--,- if n is even. 
n n n n n 
Then both T, and T2 are the sum of two idempotents by [2, Theorem la]. Since 
T = Tl + T2 + (m - 2)1,,, T is a sum of m + 2 idempotents. Similarly, if 
trT=mn+2,thenT-(m-2)1,,= (2+2/n)Z,.Let 
T, =diag(i,z ,..., :) and Tz=diag($,y ,..., z). 
Then T = TI f T2 + (m-2)1,,, and Tl and T2 are each the sum of two idempotents, 
by [2, Theorem la] again. Thus T is a sum of m + 2 idempotents as asserted. 
Case 2. T # Xl,. Since tr [T - (m - 2)Z,,] = 2n + 1 or 2n + 2, it follows 
that T - (m - 2)Z, is similar to A + B, where 
A= B= 
1 
[ . 
* 
. . 
1 
0 2 
and a = 1 or 2 (cf. [ 11). By the Jordan canonical form, B is similar to (I,- 1 +N)@ 
[2], where N is nilpotent. [2, Proposition l] shows that N is a difference of two 
idempotents, so B is a sum of two idempotents. Similarly, A is a sum of two 
idempotents, and hence T is a sum of m + 2 idempotents. 
For the sharpness of m + 2, let 
T, = EZn-t @ [l] and T2 = 
n-l 
ThentrTr =mn+l,trT2=mn+2,andTtandT2arenotasumofm+l 
idempotents by Corollary 2.3. This completes the proof. W 
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Analogously, we have the following lemma, whose proof we omit. 
LEMMA3.10. (i)LetTbeannxnmatrixwithtrT=mn-l,wheren>4 
andm=2,... , n - 2. Then T is a sum of m + 2 idempotents, and m + 2 is sharp. 
(ii) Let T be an n x n matrix with trT = mn - 2, where n 2 4 ana’ m = 
2 ,“‘I n - 2. Then T is a sum of m + 2 idempotents. 
We are now ready to consider the length problem of 4 x 4 and 5 x 5 matrices 
in detail. From Lemma 3.7, we know that for a 4 x 4 (a 5 x 5) matrix T, if 
tr T = 6 (= 7), then T is a sum of four (five) idempotents. Is the number four 
(five) sharp? The following two lemmas show that the former is not while the 
latter is. 
LEMMA 3.11. Let T be a 4 x 4 matrix. Iftr T = 6, then T is a sum of three 
idempotents, ana’ three is sharp. 
PROOF. Using Proposition 3.3 and the Jordan canonical form for matrices, 
we are reduced to considering T in one of the following forms: 
3 z 0 
* 2 
(4) 1 : 2 I 7 2 0 * % 
where Q # $. Most of these cases can be handled by judiciously choosing the 
matrices A and B in Lemma 3.2. 
(1): Let A and B be such that 
ff 0 
[ 1 1 o =A+B, A2 = A, 
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and B is cyclic with a(B) = {o - 1, a}. Then B is similar to 
o-l 0 
[ 1 0 Ly’ 
Hence T is the sum of 
1 0 
A@ 0 0 [ 1 
and a matrix similar to diag ((1: - 1, a, 2 - Q, 3 - (Y), the latter being a sum of 
two idempotents by [2, Proposition 51. 
(2): Since a # $, 
is cyclic. Let A and B be such that 
cr 0 
[ 1 0 6-3a =A+B, 
where A” = A and B is cyclic with c(B) = (3 - cr, 2 - ct}. Then B is similar to 
Hence T is the sum of 
[ 1 ; 8 $A 
and a matrix similar to diag(a - 1, a, 3 - CY, 2 - a). Again the latter matrix is a 
sum of two idempotents by [2, Proposition 51. 
(3): We consider three subcases. 
(i) (Y = 1. Clearly, T is a sum of three idempotents. 
(ii) Q= 3. Let A and B be such that 
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where A2 = A and B is cyclic with a(B) = { $, $,2}. Then B is similar to 
diag ($ , $, 2). Thus T is the sum of A $ [ 11 and a matrix similar to diag (-$ ,s, 2,0). 
Again the latter matrix is a sum of two idempotents by [2, Proposition 51. 
(iii) ar # 1 , 5. Let A and B be such that 
[ o! 0 1 cx 0 1 o! 0 1 =A+B, A2 =A, 
and B is cyclic with a(B) = {2,0,3a - 3). Then B is similar to 
Thus T is the sum of A @ [l] and matrix similar to diag(2,0,3cu - 3,5 - 3a). 
Again the latter matrix is a sum of two idempotents by [2, Proposition 51. 
(4): Since 
0 
i 
* t 1 , 
and the latter matrix is a sum of two idempotents by [5, Theorem 11, T is a sum of 
three idempotents. 
For sharpness, let T = 514. Then trT = 6, and T is not a sum of two 
idempotents by Lemma 2.1. The proof is complete. ??
LEMMA 3.12. Let T be a 5 x 5 matrix. Zf trT = 7, then T is a sum ofjve 
idempotents, andjve is sharp. 
PROOF. By Lemma 3.7, T is a sum of five idempotents. For sharpness, let 
T = $Zs. Clearly, trT = 7. Suppose that T = Tl + T2 + T3 + T4, Tf = ‘I;:, 
i = 1,2,3,4. If there is at least one of Ti, say T4, with tr T4 2 3, then it follows 
from ;Zs - T4 = Tl + T2 + T3 that 
0 = dim ker 
= dim ker (TI + T2 + T3) 
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= 5 - rank (Tt + T2 + T3) 
2 5-&rankTi 
i=l 
3 
= 5-CtiTi>5-4 
i=l 
= 1, 
which is a contradiction. Thus each Ti has tr Ti < 2. Since cb, tr Ti = 7, we may 
assumethattrTt =trTz=trT3=2andtrTb=l. Thendimker(T3+T4)= 
5 - rank(Ts + T4) 2 5 - (rankT3 + rankT4) = 5 - (trT3 + trT4) = 2 and 
dim ker (Tl + T2 - ~ZS) = dim ker (-Ts - T4) 2 2. Now [2, Theorem la] implies 
thatdimker (TI+T~-$Z~) 2 2. Thereforedimker (Ts+T4--$14 = dimker (TI+ 
T2 - 315) 2 2. Again, [2, Theorem la] implies that dim ker (Ts + T4 - gZ5) 2 2. 
Hence 
o= 
r 
= 
dim ker (Ts - $15) 
dim (ker (Ts + T4 - $Zs) n ker T4) 
dim ker (Ts + T4 - $15) + dim ker T4 
- dim [ker (Ts + T4 - $15) + ker T4] 
2+dimkerTq-5 
2-rankT4 
2-trT4 
1. 
This is a contradiction again, and the proof is complete. 
Using Theorem 2.9 and Lemmas 3.9, 3.10 and 3.11, we obtain the following 
THEOREM 3.13. Let T be a 4 x 4 matrix which is a sum of finitely many 
idempotents. Then the minimal number of idempotents required is 
trT if trT=1,2 ,..., 5, 
3 if trT=6, 
4 if trT=7,8,9,10, 
5 if trT= 11, 
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4 if trT= 12, 
k+5 if trT=4(4+k)-i,wherekLOandO<i<3. 
For 5 x 5 matrix T, we have 
THEOREM 3.14. Let T be a 5 x 5 matrix which is a sum of finitely many 
idempotents. Then the minimal number of idempotents required is 
trT if trT=1,2 6, ,..., 
_s if trT=7, 
4 if trT=8,9,10,11,12 
5 if ts T = 13,14,15,16,17,18 
6 if trT= 19 
5 if trT=20, 
k+6 tf trT=5(5+k)-i,wherek>OandO<i<4. 
PROOF. By Theorem 2.9 and Lemmas 3.9, 3.10, and 3.12, we need only 
consider the following cases: tr T = 6,8,13, and 18. 
First, if tr T = 6, then T is a sum of six idempotents by [5, Theorem 11, and 
six is sharp by Corollary 2.2. 
Next, if tr T = 8(tr T = 13), then T is a sum of four (five) idempotents by 
Lemma 3.10. For sharpness, let TI = diag (i, i, i, $, y) and T2 = YZs. Then 
tr Tl = 8, and Tl is not a sum of three idempotents by Proposition 3.1. On the 
other hand, tr T2 = 13, and by the proof of Lemma 3.12,415 - T2 = $15 is not a 
sum of four idempotents, and hence T2 is not a sum of four idempotents. 
Finally, if tr T = 18, then tr (51s - T) = 7. Hence 515 - T is a sum of five 
idempotents by Lemma 3.12, and so is T. To show that five is sharp, let T = YZs. 
Then tr T = 18, and T is not a sum of four idempotents by Corollary 2.3. This 
completes the proof. W 
We would like to thank the referee for pointing out some errors in the original 
version of this paper 
REFERENCES 
1 P. A. Fillmore, On similarity and the diagonal of a matrix, Amex Math. Monthly 
76:167-169 (1969). 
2 R. E. Hartwig and M. S. Putcha, When is a matrix a difference of two idempotents? 
Linear and Multilinear Algebra 26:267-277 (1990). 
SUMS OF IDEMFOTENTS 159 
3 R. E. Hartwig and M. S. Putcha, When is a matrix a sum of idempotents? Linear and 
Multilinear Algebra 26:279-286 (1990). 
4 P. Y. Wu, The operator factorization problems, LinearAlgebra Appl. 117:35-63 (1989). 
5 P. Y. Wu, Sums of idempotent matrices, Linear Algebra Appl. 142:43-54 (1990). 
Received 20 May 1992;final manuscript accepted 5 April 1993 
